We give an elegant formulation of the structure equations (of Cartan) and the Bianchi identities in terms of exterior calculus without reference to a particular basis. We demonstrate the equivalence of this new formulation to both the conventional vector version of the Bianchi identities and to the exterior covariant derivative approach. Contact manifolds and codimension one foliations are studied as examples of its utility.
Introduction
The Bianchi identities are well-known in the literature and described in most books on differential geometry. We will refer to Crampin and Pirani [3] and Renteln [8] .
For a given linear connection ∇ on a smooth, connected manifold M , the torsion T and the curvature R of the connection are defined as following:
for all X, Y, Z ∈ X(M ). By taking covariant derivatives of T and of R, we obtain the first Bianchi identity and the second Bianchi identity respectively. These give a number of useful relations between the various operators and their derivatives, as given in Crampin and Pirani [3] . They are: In this paper we will show that the definitions of curvature and torsion can be rephrased, for arbitrary 1-forms θ and vector fields Z, as T θ = dθ − ∇θ ∧ I R θ,Z = dω θ,Z − ∇θ ∧ ∇Z, and that the Bianchi identities become dT θ = R θ + ∇θ ∧ T, dR θ,Z = ∇θ ∧ R Z + R θ ∧ ∇Z.
The Bianchi identities are conventionally represented in terms of forms by taking exterior derivatives of Cartan's first and second structure equations which are respectively (see [3] ), 
where {θ a } is a local basis of 1-forms for 1 (M ) dual to a local basis of vector fields {U a } on M . The connection forms ω 
Remarks. Renteln [8] reports the use of an abbreviated notation for (4):
but wisely eschews its use. We will shortly see an accurate version. Taking exterior derivatives of the first and second structure equations (4),(5) we have:
These are the Cartan versions of the first and the second Bianchi identities respectively.
There is yet another way to think about the Bianchi identities using the exterior covariant derivative, d
∇ . This is defined on a tensor-valued k-form A acting on M as follows (see for example [6, 9] ):
where ∇A is the tensor-valued 1-form ∇A(X) := ∇ X A, and, for 1
where a bar over an argument indicates that it is missing. If we consider the torsion T as a vector-valued two-form and R as an endomorphismvalued two-form, both acting on X(M ) then the Bianchi identities are (see [4, 9] ):
Here I is the identity endomorphism on
These versions of the Bianchi identities are derived from the definitions (1) and (2) without use of the usual exterior derivative d.
In the next sections, we will produce our new formulae for Bianchi identities and show the equivalence with those given in (3a), (3b) and (7a), (7b). We will also demonstrate the utility of our approach by considering contact manifolds and codimension one foliations as examples.
New versions of the structure equations and Bianchi identities
We now formulate the structure equations and the Cartan version of the Bianchi identities in an intrinsic manner without reference to a particular basis. To do this we effectively turn the torsion, as a vector-valued 2-form, and the curvature, as an endomorphism-valued 2-form, into conventional 2-forms.
Definition 2.1. For any θ ∈ 1 (M ) and X, Y, Z ∈ X(M ) the torsion and curvature 2-forms, T θ and R θ,Z , are defined as follows:
Note: T θ and R θ,Z are function-linear in θ and Z. We also define the curvature 3-form
and the vector-valued 2-form R Z by
Definition 2.2. For θ ∈ 1 (M ) and X, Y, Z ∈ X(M ), the 2-forms Ξ θ , Ψ θ,Z and the connection 1-forms ω θ,Z are defined as follows:
Here ∇θ(X) := ∇ X θ and ∇Z(X) := ∇ X (Z) are the covariant differentials of θ and Z.
Theorem 2.3. For arbitrary θ ∈ 1 (M ) we have the first structure equations:
and from the definition of T θ , we have:
Theorem 2.4. For arbitrary θ ∈ 1 (M ) and Z ∈ X(M ) we have the second structure equations:
Z and by the definitions of R θ,Z , Ψ θ,Z and ω θ,Z we have:
Corollary 2.5. By taking exterior derivatives of these structure equations we have:
Bianchi II:
Remarks. Corollary 2.5 demonstrates that the Bianchi identities are the exterior differential consequences of the structure equations. Since the identity d 2 α = 0 for one-forms α is implied by the Jacobi identity it is clear that the Bianchi identities are redundant in the presence of the structure equations and the Jacobi identities.
The proof of the last equality in the second Bianchi identity line is deferred until proposition 3.3, but we can demonstrate that for the first Bianchi identity after this lemma. Lemma 2.6.
Proof.
Proposition 2.7. The first Bianchi identity (17a) can be written as
equivalently,
Proof. We begin with the right hand side of (17a):
Equivalence with vector versions
In this section we apply due diligence to demonstrate that we really do have the Bianchi identities.
Proposition 3.1. The form version of the first Bianchi identities (17a) are equivalent to the vector field version of the first Bianchi identities (3a).
Proof. We have:
Substituting this into equation (18), and since θ is arbitrary we get:
The next proposition, demonstrating the flexibility of this formulation, gives what appears at first to be a strange result. Proof. Replacing θ by ω θ,Z in the first structure equation gives:
Substituting this into (16), we get
Evaluating (20) on (X, Y ), we have:
where
Substituting these into (21) gives:
It follows that
as required.
Proposition 3.3. The form version of the second Bianchi identity (17b) is equivalent to the vector field version (3b).
Proof. Acting the second Bianchi identity dR θ,W = dΨ θ,W on a triple of vector fields (X, Y, Z) gives (not every line in the calculation is included)
(and so dΨ θ,W = ∇θ ∧ R W + R θ ∧ ∇W as stated in corollary 2.5). Hence
Since θ, W are arbitrary
Equivalence with Cartan versions
Proposition 4.1. The first Bianchi identity (17a) implies the one given in (6a).
Proof. We will use the dual bases {θ a } and {U b } of section 1 along with the various constructs that appear in (4) and (5) . Replacing θ in equation (17a) by θ a and then acting a triple of vector fields (X, Y, Z) on it, we have:
Now
Combining (23), (24) and (25) gives
.
Proposition 4.2. The second Bianchi identity (17b) implies the one given in (6b).
Proof. Again replacing θ in equation (17b) by θ a and then acting a triple of vector fields (X, Y, Z) on it, we have
Combining (26), (27) and (28) 
Equivalence with d ∇ versions
Delanoe [4] also attempted to show that the Bianchi identities followed as a direct consequence of d 2 = 0 and to do so used the exterior covariant derivative d ∇ formulation (7a) and (7b). However, he produced these formulas for Bianchi identities from the vector field version instead of directly from structure equations, only indirectly using the exterior derivative. We will now demonstrate their direct derivation from d 2 = 0 before analysing the Bianchi identities in more detail.
and hence (7a),(7b) are equivalent to (17a) and (17b) and so follow by taking the exterior derivatives of the structure equations (15) and (16).
and so
The result for d ∇ T now follows immediately from the expression for dΞ θ in the proof of proposition 2.7.
The result for d ∇ R follows initially from the observation that the last two terms in the following expression cancel because of the cyclic sum
The rest of the demonstration follows from the expression for d(R θ,W − Ψ θ,W ) which can be found in the proof of proposition 3.3.
Applications
We will demonstrate the utility of this new formulation of the Bianchi identities on two wellknown scenarios involving non-integrable and integrable distributions. In both cases there is a distinguished one-form which will play the role of θ.
Contact manifolds
We follow [2, 10, 11] . A (2n + 1) -dimensional contact manifold M is equipped with a global, nonzero one-form α satisfying α ∧ (dα) n = 0 where the exponent indicates the n-fold wedge product. In the light of this condition the contact form α is maximally non-integrable. Associated to α is the Reeb field, V ∈ X(M ), satisfying V dα = 0 and α(V ) = 1. There is a standard construction of a Riemannian metric g and a (1, 1) tensor field Φ on M having the properties that
Hence g(V, V ) = 1 and, if the Levi-Civita connection of g is ∇, then
so that V is a unit geodesic tangent field and α and Φ are parallel transported along the integral curves of V . There are examples of contact manifolds with linear connections with torsion for which V is autoparallel (e.g., [7] ) but we will stick with the torsion-free Levi-Civita connection of g for simplicity.
Applying the first structure equation (15) to α we have dα = ∇α ∧ I and so
Applying the second structure equation (16) 
is interesting in this context, remembering that R V takes values orthogonal to V .
Frobenius integrable 1-forms
Now we turn to the contrasting case of a manifold M n with a linear connection, not necessarily metric, and a global codimension one foliation. That is, we suppose there exists a globally non-zero θ ∈ 1 (M ) which is Frobenius integrable, so that dθ ∧ θ = 0. The Frobenius integrability of θ is equivalent to the closure under the Lie bracket of the (n − 1)− dimensional distribution D ⊂ X(M ) with θ(D) = 0. (We don't distinguish D as a sub-bundle of T M from the submodule of X(M ) which it generates.) Suppose also that V is a non-zero vector field such that X(M ) = Sp{V } D and θ(V ) = 1. For the moment we place no additional conditions on the relationship between D and ∇. We will now rephrase the Frobenius condition in terms of ∇ and T θ . Proposition 6.1. Let θ be a global, non-zero one-form on M . Then
Proof. Evaluating the first structure equation on (X, Y ) with X, Y ∈ D
Next we introduce the notion of invariance of θ, equivalently D, under ∇. As usual, D is said to be flat with respect to ∇ if R| D = 0. However, the presence of torsion is generally an obstruction to the construction of coordinates on the leaves of D in which the components of the connection are zero. Instead of pursuing notions of flatness we follow the book by Bejancu and Farran [1] and consider connections adapted to foliations. For the moment suppose that D is a distribution, not necessarily integrable, of dimension n − p and that D 
(b) A linear connection ∇ is said to be an adapted linear connection if it is adapted to both D and D ′ .
We will not address the existence of an adapted linear connection (with torsion) for a pair D, D ′ , suffice it to say that the connection of Massa and Pagani [5, 7] is such an example for p = 1.
Bejancu and Farran [1] give the following proposition, Here parallel means that D x is mapped to D y by parallel transport along any piecewise smooth path in M between an arbitrary pair of points x, y ∈ M . Now we return to our Frobenius integrable 1-form, θ, its annihilator D and complementary distribution D ′ := Sp{V }. Suppose that ∇ is a linear connection adapted to D, D ′ . By taking covariant derivatives of θ(D) = 0 and θ(V ) = 1 and using the adapted connection property we find ∇ X θ = λ X θ, ∇ X V = −λ X V, ∀X ∈ D; ∇ V θ = λ V θ, ∇ V V = −λ V V for λ X := ∇ X θ(V ), λ V := ∇ V θ(V ). (We could at least locally rescale θ and V so that ∇ V V = 0 and θ(V ) = 1 but this changes nothing.) Applying these relations to (29) we see the role of torsion in the integrability of D once more: Turning to the second structure equations (16) we observe that ω θ,X = 0 for all X ∈ D and hence R θ,X = 0, ∀X ∈ D, that is, R(W, Z)X ∈ D for all X ∈ D and all W, Z ∈ X(M ). This is also immediately obvious from the vector field definition, (2), of R and is independent of the integrability of θ. Using the structure equations and the integrability of θ, the Bianchi identities (17a),(17b) give dT θ | D = 0 and dR θ,X = 0, ∀X ∈ D, which are non-trivial only if n ≥ 4.
